241 words): 18 In this article, we perform a critical examination of assumptions which led to 19 assimilate measurements of the movement of a rigid body in the physical world to 20 parameters encoded within the brain activity. In many neurophysiological studies of goal-21 directed eye movements, equivalence has indeed been made between the kinematics of the 22 eyes or of a targeted object and the associated neuronal processes. Such a way of 23 proceeding brings up the reduction encountered in projective geometry when a 24 multidimensional object is being projected onto a one-dimensional segment. The 25 measurement of a movement indeed consists of generating a series of numerical values 26 from which magnitudes such as amplitude, duration and their ratio (speed) are calculated. 27 By contrast, movement generation consists of activating multiple parallel channels in the 28 brain. Yet, for many years, kinematical parameters were supposed to be encoded in the 29 brain activity, even though the neuronal image of most physical events is distributed both 30 spatially and temporally. After explaining why the "neuronalization" of such parameters is 31 questionable for elucidating the neural processes underlying the execution of saccadic and 32 pursuit eye movements, we propose an alternative to the framework which dominated the 33 last five decades. A viewpoint is presented where these processes follow principles which 34 are defined by intrinsic properties of the brain (population coding, multiplicity of 35 transmission delays, synchrony of firing, connectivity). We propose to reconsider the time 36 course of saccadic and pursuit eye movements as the restoration of equilibria between 37 neural populations which exert opposing motor tendencies. 38 39 "Facts and theories are natural enemies. A theory may succeed for a time in domesticating 40 some facts, but sooner or later inevitably the facts revert to their predatory ways. Theories 41 deserve our sympathy, for they are indispensable in the development of science. They 42 systematize, exposing relationship between facts that seemed unrelated; they establish a 43 scale of values among facts, showing one to be more important than another; they enable us 44 to extrapolate from the known to the unknown, to predict the results of experiments not yet 45 performed; and they suggest which new experiments may be worth attempting. However, 46 theories are dangerous too, for they often function as blinkers instead of spectacles. 47 Misplaced confidence in a theory can effectively prevent us from seeing facts as they really 48 are" (Wilkie 1954) 49 VISUOMOTOR TRANSFORMATION AND ITS NUMERICAL PROCESSING 50 The procedures used to measure the movement of a rigid body (eyeball or object) 51 influence the neurophysiological study of visuomotor transformation through notions which 52 either distort the underlying neuronal processes or even have no substrate. To start with the 53 simplest example, it is frequent to read that gaze direction (or the line of sight) is shifted 54 from one point to another. Attributing point-like values (coordinates) to gaze and target 55 inevitably leads to numerical differences, especially when the measurements are made with 56 high resolution. However, numerical differences do not imply corresponding mismatches in 57 the brain activity. Objects in the physical world are obviously not mathematical points and 58 visual fixation does not involve a fovea composed of one single photoreceptor where all light 59 beams would converge. Because of the divergence of anatomical projections, any object 60 leads to the excitation of a large number of neurons. When we record their emission of 61 action potentials, we discover that neurons (visual-only, visuomotor or motor) have a 62 spatially extended response field. This extent indicates that any object in the visual field or 63 any saccade is associated with the excitation of a large set of cells (e.g., McIlwain 1976; 64 Sparks et al. 1976). Moreover, in many visual and visuomotor regions of the cerebral cortex, 65 as in the superior colliculus (SC), neurons are laid out such that neighboring cells respond to 66 the stimulation of neighboring regions of the visual field, or fire a burst of action potentials 67 during saccades to neighboring locations in the physical world. In spite of the divergent 68 connectivity, retinotopy is preserved.
Contemporary techniques enable to measure eye movements with such high 98 temporal resolution that numerical estimates of instantaneous velocity and acceleration can 99 be calculated. Thus, we discover that up to some amplitude, a saccade exhibits a bell-shaped 100 velocity profile and that maximum velocity and duration increase with saccade amplitude 101 (Fuchs 1967; Westheimer 1954) . Attempts were then made to study how the instantaneous 102 firing rate of neurons could account for the current velocity or acceleration of eye 103 movements. However, we must keep in mind the fact that while a saccade is the behavioral 104 outcome of flows of activity distributed within the brain (between the optic and extraocular 105 motor nerves) and unfolding from target onset time to saccade landing time, the velocity 106 profile is the outcome of a transformation performed over a shorter time interval within a 107 numerical line. Between the brain activity and the behavioral measurements, a kind of 108 geometrical projection is made between a multidimensional object and a one-dimensional segment. Moreover, if the sampling of eye position did not systematically start from the 110 same threshold or its rate was not constant from one measurement to the other, matched-111 amplitude saccades would erroneously exhibit different velocity profiles. And yet, when the 112 time course of neurons' firing rate varies from one measurement to the other and differs 113 from the time course of precisely measured saccades, we do not suspect a "neuronal 114 sampling" problem. The notion of "noise" is put forward and considered as a biological 115 phenomenon, as if the firing rate ought to precisely fit with the dimensionality of 116 measurement. Variable discharges can result from the fact that eye movements are not the 117 unique output that the activity of central neurons can influence: spikes can also be emitted 118 as part of processes which do not lead to saccadic or pursuit eye movements. 119 Neuroanatomical and electrophysiological studies indeed teach us that neurons do not form 120 a homogeneous population: those which exhibit target-or eye movement-related activities 121 are diverse and project to a multitude of regions in the brain (Moschovakis et al. 1996) . Even 122 though thermodynamic laws govern the cellular and molecular processes (Choquet and 123 Triller 2013) and can account for the variability of neural discharges, the latter can also be 124 caused by the measurement itself, i.e. by the fact that we map (like in projective geometry) a Spatially and temporally distributed in the brain (e.g., Nowak and Bullier 1997; Schmolesky 134 et al. 1998), the activity does not change like the measured coordinates of a moving body. 135 For example, when we study the action potentials that saccade-related neurons in the 136 superior colliculus (SC) emit during saccades toward a moving target, we discover that the that the signals (action potentials) are transmitted across a medium identical to the physical 151 medium (continuous, homogeneous and with orthogonal spatial and temporal attributes). 152 Techniques have indeed been developed to make continuous the firing rate and to study One possible way to "save" the correlation between the spiking discharge and the 177 kinematics would be to retrogradely track the origin of action potentials converging more or 178 less synchronously onto the recorded neurons. However, this analysis is complicated by the fact that afferent signals are transmitted with diverse conduction speeds through axons of 180 also diverse lengths. In other words, the firing of a premotor neuron can be driven by action 181 potentials which are emitted at different times by presynaptic neurons located in different 182 regions. Thus, the time interval during which we estimate the instantaneous velocity of a 183 measured eye movement is the outcome of action potentials emitted during a different but 184 also longer time interval. The picture is further complicated by the fact that the neural 185 transmission depends on the location of synaptic contacts (de No 1938) onto the cell (soma 186 and/or dendrites) whose intrinsic properties also influence the time course and pattern of 187 spiking discharge (e.g., Bras et al. 1987; Durand 1989) . Finally, a more macroscopic viewpoint 188 reveals that the activity does not remain bounded but spreads toward neighboring cells as 193 For assessing the changes taking place within the brain activity while a target is 194 moving across the visual field or while gaze captures and pursues it, there is no logical 195 necessity to pair the firing rate with kinematical notions; it is simplicity and convenience 196 which led to make this choice (Poincaré 1921) . Moreover, as Pellionisz and Llinás (1982) 197 explained, the classical usage of separate space and time coordinates may not be applicable 198 in the case of describing the inner workings of the CNS (see also Buzsáki and Llinás 2017). 199 When we say that target velocity is the stimulus driving pursuit eye movements, such a 200 relation should be restricted to the sets of numerical values which belong to the same 201 medium (the physical world) and for which the kinematics has proven its efficiency. This 202 medium is different from the inner functioning of the brain. From the optic nerve to the 203 oculomotor nerves, the neural activity does not go through a medium which is neutral, 204 homogeneous, isotropic, continuous and uniform. Imagining that a mathematical 205 differentiation has been performed is questionable because neural activities are not 206 reducible to points. The time series of measurements is a continuum which is not 207 homeomorphic to the fundamentally parallel and distributed aspect of neurophysiological 208 processes, at both the cellular and network levels. 209 All these fundamental pitfalls do not lead the neurophysiology of movements to a 210 dead end but toward the necessity of establishing more solid grounds. We are going to 211 discuss the models which consider error signals as stimuli driving the execution of saccadic 212 and pursuit eye movements. within the brain networks. 307 Negative feedback control has also been proposed for the guidance of eye 308 movements toward a moving visual target. Two main processes would operate in parallel 309 (more or less independently): one process reduces the mismatch between gaze and target 310 directions (see above) while the other reduces the velocity difference (velocity error) 311 between the eye and target movements. Before discussing this hypothesis, we are going to 312 examine how the notion of target velocity (a notion which belongs to the language of 313 kinematics) was introduced in the physiological sciences.
213

POSITION ERROR AND THE FEEDBACK CONTROL OF SACCADE
314
IS PURSUIT DRIVEN BY A TARGET VELOCITY NEURAL SIGNAL?
315
A little more than five decades ago, Rashbass (1961) designed a task where the eyes, 316 instead of making a saccade to a target moving toward the foveal field, drift away from it. 317 They move away but in the same direction as the target motion, though with a lower speed. 318 This observation was taken as evidence for considering target velocity as a stimulus driving the initiation of pursuit eye movements. In Rashbass' task, the target appears at a location 320 slightly eccentric in one visual hemi-field (e.g. to the left) and moves slowly toward the 321 foveal field (toward the right). Then, for a few tens of milliseconds, the eyes also move 322 slowly in the same direction as the target (but away from its physical location). To observe 323 this slow eye movement with no visible saccade, the target must start its motion from a 324 location whose eccentricity is approximately 0.15 to 0.2 times its speed. In most 325 experiments, the target moved with a constant speed less than 10°/s, requiring a target 326 motion onset from a 2 degrees eccentric location. Thus, the target center was located at the 327 boundary of the foveal field. Obviously, a target, even a very small spot of light does not 328 excite one single cell but many cells. In the SC for example, regardless of whether the target the discrepancy did not result from different amounts of practice, but from different testing 467 conditions. Indeed, by requiring the identification of details within the target, the dynamic 468 visual acuity task might provide a greater incentive to accurately pursue the target. 469 However, the question then is whether the task consists of matching the eye velocity to 470 target velocity or maintaining the target foveation by matching the eye position to the target 471 position, or, for those who do not wish to plunge spatial notions within the brain, balancing disappearance merge with prelude signals related to its upcoming reappearance, then the 528 interval during which the target is absent is "filled" in by the brain activity. Such an interpolation would drive the activity of premotor neurons and guide the eye movement, 530 regardless of whether it is a saccade or a pursuit eye movement. Therefore, the command 531 which encodes at best the expected and current (here-and-now) location of the target and 532 guides the gaze direction when a target becomes invisible, could correspond to a merging of 533 signals related to the recent past with signals carrying an expectancy of reappearing (built 534 upon the past and repeated experience). If this explanation holds also for any moving target, 535 constantly visible or briefly invisible, then its neural image does not need to be reduced to 536 an internal model of its trajectory (a physical notion) (see also Quinton and Girau 2011 for 537 similar observations in sillico).
538
GENERAL CONCLUSION
539
For several decades, the eye movements have been used as a probe to understand 540 how neuronal networks in the brain process visual signals and how they endow foveated 541 animals with the ability to locate a stimulus, even when it is moving. Notions of kinematics 542 were used to "decode" the firing rate of neurons and to explain the neurophysiology 543 underlying the generation of tracking eye movements. The appropriateness of these notions 544 to a medium radically different from the physical world (the brain) was not questioned. Yet, 
